Abstract. The main object of this paper is to study Fekete-Szegö problem for a certain subclass of p -valent analytic functions. Fekete-Szegö inequality of several classes are obtained as special cases from our results. Applications of the result are also obtained on the class defined by convolution.
INTRODUCTION
Let A denote the class of all analytic function of the form 1) in the open unit disc U = { z : z ∈ C; |z| < 1}. Let S be the subclass of A consisting of univalent functions in U. We denote by S * , C and K the familiar subclasses of A consisting of functions which are respectively starlike, convex and close-to-convex in U. Our favorite references of the field are [5, 6] which covers most of the topics in a lucid and economical style. The well-known example in these classes is the Koebe function, k(z) defined by
2)
The Bieberbach conjecture about the coefficients of the univalent functions of the unit disc was formulated by Bieberbach [1] in the year 1916. The conjecture states that for every function f (z) ∈ S, given by (1.1), we have |a n | ≤ n, for every n. Strict inequality holds for all n unless f is the Koebe function or one of its rotation. For many years, this conjecture remained as a challenge to mathematicians. After the proof of | a 3 |≤ 3 by Löwner in 1923, Fekete and Szegö [4] surprised mathematicians by showing that the complicated inequality a 3 − µa 2 2 ≤ 1 + 2 exp
holds and is best possible for each 0 ≤ µ ≤ 1. Note that this coefficient region was thoroughly investigated by Schaeffer and Spencer [23] .
For a class of function in A and a real (or, more generally, a complex) number µ, the Fekete-Szegö problem is all about finding the best possible constant C(µ) so that |a 3 − µa 2 2 | ≤ C(µ) for every function in A. Many papers have been devoted to this problem see [2, 3, 10, 12, 13, 26] . In this paper, we shall obtain Fekete-Szegö bounds for the functions in the class C n,γ p,q (φ).
For f and g analytic in U, we say that the function f is subordinate to g if there exists a Schwarz function w, analytic in U with w(0) = 0 and |w(z)| < 1 such that f (z) = g(w(z)) for z ∈ U. We denote it by f (z) ≺ g(z). If g is univalent in U, then the subordination is equivalent to f (0) = g(0) and f (U) ⊂ g(U). For the functions f (z) and g(z) belonging to A, we say that f (z) is majorized by g(z) in U and write f (z) g(z), (z ∈ U), if there exists a function φ(z), analytic in U, such that
One of the very interesting generalization of the function class S * is the so called starlike functions of complex order γ which satisfies the condition
where φ ∈ P, the class of functions with positive real part and we denote it by S γ (φ). Similarly, let C γ (φ) denote the class of functions in A satisfying the condition
Note that S γ (1 + z/1 − z) = S γ and C γ (1 + z/1 − z) = C γ are the classes considered by Nasr and Aouf in [14] and by Wiatrowski in [27] . The convolution or Hadamard product of two analytic functions f, g ∈ A where f (z) = z + ∞ n=2 a n z n and g(z)
Let A p be the class of functions f (z) of the form
which are analytic and p-valent in the unit disk U. Sȃlȃgean [21] has introduced the following operator, which is popularly called the Sȃlȃgean operator.
Let f (q) (z) denote the q-order ordinary differential operator, for a function
It can be easily seen that
Motivated by [20] , we define the following. 
Remark 1.1. We note that by specializing the parameters n, p, q and γ , we obtain several classes of analytic functions. Here we list few of them.
1. If p = 1, q = 1, then the class C n,γ p,q (φ) reduces to the class studied by Attiya [8] .
If we let
, then the class C n,γ p,q (φ) reduces to the class introduced and studied by Aouf, Darwish and Attiya in [7] .
Apart from the above, several other well known and new classes of analytic functions can be obtained by specializing the parameters involved.
FEKETE-SZEGŐ INEQUALITY
To prove our result, we need the following Lemmas.
2 + · · · is analytic function with positive real part in U and v is complex number, then
the result is sharp for functions given by 
or one of its rotations.If v = 1 the equality holds if and only if
Also the above upper bound is sharp and it can be improved as follows when
.
Define the function p(z) by
Since ω(z) is a Schwarz function, it can be easily seen that Re
Now by substituting (2.3) in (2.2), we have
From this equation, we obtain
4 .
Or equivalently
and
γ .
Or equivalently,
Our result now follows on application of Lemma2.1. The result is sharp for the function
This completes the proof of Theorem2.3.
Corollary 2.4. Let f (z) ∈ A satisfy the inequality
where
Proof. Let
Clearly, it can be seen that φ(z) maps U onto a convex domain conformally and is of the form
. From the equivalent subordination condition proved by Kuroki and Owa in [11] , the inequality (2.6) can be rewritten in the form
Following the steps as in Theorem 2.3, we get the desired result.
Using the arguments similar to those detailed in the Corollary2.4, we have the following result.
Corollary 2.5. Let f (z) ∈ A satisfy the inequality
If we let n = 0, p = 1 and q = 0 in Theorem2.3, we get the desired result.
The result is sharp.
If we let n = 1, p = 1 and q = 0 in Theorem2.3, we get the following result.
Proof. Applying Lemma 2.2 to (2.4) and (2.5), we can obtain our results. To show that these bounds are sharp, we define the functions K φn ,(n ≥ 2) by
and the functions F β and G β (0 ≤ β ≤ 1) by
Clearly, the functions K φn , F β and G β ∈ C n,γ p,q (φ). Also we write K φ := K φ 2 , if µ < σ 1 or µ > σ 2 , then the equality holds if and only if f is K φ or one of its rotations.When σ 1 < µ < σ 2 then the equality holds if and only if f is K φ 3 or one of its rotations. µ = σ 1 then the equality holds if and only if f is F β or one of its rotations. µ = σ 2 then the equality holds if and only if f is G β or one of its rotations. This completes the proof of Theorem 2.
If σ 1 ≤ µ ≤ σ 2 , then in view of Lemma 2.2, Theorem 2.8 can be improved.
given by(1.3) belongs to C n,γ p,q (φ) and σ 3 is given by
Taking n = 0, p = 1 and q = 0, we obtain the following result for the functions belonging to the class C γ (φ). Corollary 2.10. (see [24] ) Let φ(z) = 1 + B 1 z + B 2 z 2 + · · · with B 1 > 0 and B 2 ≥ 0. Let
If f (z) given by (1.1) belongs to the class S γ (φ) with γ > 0, then
Further, if σ 4 ≤ µ ≤ σ 6 , then
Taking n = 1, p = 1 and q = 0, we obtain the following result for the functions belonging to the class C γ (φ). 
If f given by (1.1) belongs to the class C γ (φ) with γ > 0, then
Application to Functions Defined by Fractional Derivatives
In view of defining the extended fractional differintegral operator, we begin by recalling here the following definitions. The hypergeometric function which is the solution of the homogeneous hypergeometric differential equation
is one of the most important special functions, because of its many connections to other classes of special functions, its numerous identities and expressions in terms of series and integrals.
For parameters a, b, c ∈ C, with c = 0, −1, −2, . . . , and z ∈ C with |z| < 1, the (Gaussian) hypergeometric function is defined by
The series on the right-hand side, called the hypergeometric series, is convergent for |z| < 1. The (x) k is the Pochhammer symbol defined, in terms of the Gamma function Γ, by
Fractional calculus is a field of mathematic study that grows out of the traditional definitions of the calculus integral and derivative operators in much the same way fractional exponents is an outgrowth of exponents with integer value. For details, we refer to [9, 22] . From among the various definitions for fractional calculus (i.e., fractional derivatives and fractional integrals) given in the literature, we have to recall here the following definitions for fractional calculus which are studied by Owa [15, 16] and by Owa and Srivastava [17] .
Definition 3.1. The fractional derivative of order δ (δ > 0) is defined, for a function f , analytic in a simply connected region of the complex plane containing the origin, by
where the multiplicity of (z − ζ) δ−1 is removed by requiring log(z − ζ) to be real when z − ζ > 0. 
where N 0 = N ∪ {0}the multiplicity of (z − ζ) −δ is removed as Definition 3. The result is sharp. For g p+1 , g p+2 given by (3.5) and (3.6) respectively, Theorem 2.9 reduces to the following Theorem. (p+1−δ)(p+2−δ) (p+1)(p+2)
−(p+1−δ)(p+2−δ) (p+1)(p+2) The result is sharp.
Remark 3.2. It is interesting to note that several well known and new results could be obtained on specializing the function φ and the parameters involved in Theorem 3.1 and Theorem 3.2 (see [20, 25] ).
